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Fundamental time asymmetry from nontrivial space topology
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~Received 26 November 2001; published 9 August 2002!

It is argued that a fundamental time asymmetry could arise from the global structure of the space manifold.
The proposed mechanism relies on theCPT anomaly of certain chiral gauge theories defined over a multiply
connected space manifold. The resulting time asymmetry~microscopic arrow of time! is illustrated by a simple
thought experiment. The effect could, in principle, play a role in determining the initial conditions of the big
bang.
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I. INTRODUCTION

Examining the various time asymmetries present at
macroscopic level, Penrose@1# arrived at the following ques
tion: ‘‘what special geometric structure did the big bang p
sess that distinguishes it from the time reverse of the gen
singularities of collapse—and why?’’ He then proposed
particular condition~the vanishing of the Weyl curvature ten
sor! to hold at anyinitial singularity. Whatever the precis
condition may turn out to be, the crucial point is that th
condition wouldnot hold for final singularities. This implies
that the unknown physics responsible for the initial singul
ity necessarily involvesT, PT, CT, andCPT violation @2#.

But, in that paper, Penrose did not make a concrete
posal for the physical mechanism responsible for this hy
theticalT andCPT noninvariance. Subsequently, he has p
sented some interesting, but speculative, ideas on
possible role of quantum gravity@3#.

Here, we suggest the potential relevance of anot
mechanism that does not involve gravitation directly, b
does depend on the global structure~topology! of space. The
mechanism is that of the so-calledCPT anomaly@4#, which
occurs for a class of chiral gauge theories that includes
standard model of elementary particle physics~modulo a
condition on the ultraviolet regularization; see below!.

In the remainder of this paper, we first recall the ba
features of theCPT anomaly as it applies to standard mod
physics~see also Ref.@5# for a review!. We then present a
thought experiment~i.e., construct a ‘‘clock’’C) that would,
in principle, be able to distinguish the initial and final sing
larity. Throughout, we use natural units with\5c51, ex-
cept when stated otherwise@6#.

II. MODIFIED MAXWELL THEORY

It is our goal to remain as close as possible to kno
physics. In addition, we prefer to give a single concrete
ample, rather than to list all possibilities and confuse
reader. We, therefore, proceed in three steps.@In a first read-
ing, it is possible to skip ahead to Eq.~6!, which gives the
action of the modified Maxwell theory used later on.#

First, consider the SU(3)3SU(2)3U(1) standard
model as embedded in theSO(10) gauge theory with left-
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handed Weyl fermions in three spinor representations
SO(10). That is, the three families (Nfam53) of known left-
handed quarks and leptons, together with three hypothe
left-handed antineutrinos, are grouped into three16 represen-
tations of theSO(10) gauge group@7#. The Higgs fields are
not important for our purpose. In short, the chiral gau
theory considered has gauge groupG and left-handed fer-
mion representationRL given by

~G,RL!5„SO~10!,16116116…. ~1!

Second, take the spacetime manifold M to be

M5R33S1, ~2!

with Cartesian coordinates

x0[ct,x1,x2PR and x3P@0,L#. ~3!

The vierbeins~tetrads! are chosen to be trivial and give th
Minkowski metric:

em
a ~x!5dm

a , gmn~x![em
a ~x!en

b~x!hab5hmn , ~4!

with (hab)[diag(21,1,1,1). Moreover, the gauge and fe
mion fields of theSO(10) theory~1! are taken to be periodic
in x3 with periodL.

Third, make the gauge-invariant ultraviolet regularizati
of the matter multiplets in Eq.~1! essentially the same, bu
with the first and second families~i.e., the electron- and
muon-type families! giving canceling contributions to the
CPT anomaly, so that only the contribution of the third~tau-
type! family remains. For the regularization used in Ref.@4#,
the odd integern entering the anomalous term~see below!
has then the value

n5 (
f 51

Nfam

L0
( f )/uL0

( f )u5112111511, ~5!

with Pauli-Villars cutoffsL0
( f ) for thex3-independent modes

of the fermionic fields contributing to the effective actio
For other ultraviolet regularizations,n remains the sum of
three odd integers and is therefore nonzero@8#, but its value
may differ from11. The ‘‘correct’’ value of the odd intege
©2002 The American Physical Society01-1
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n can perhaps be traced to a more fundamental theory,
quantum gravity. In this paper, we simply assume the va
n511.

The chiral gauge theory defined by Eqs.~1!–~5! turns out
to have a Chern-Simons-like term in the effective action
the SO(10) gauge field, which breaks Lorentz invarian
and alsoT andCPT invariance. This term, which is propor
tional to n/L, has been discussed in great detail in Re
@4,5#. ~Note that the Lorentz andCPT noninvariance have
also been observed in a class of exactly solvable mode
two spacetime dimensions@9#.!

If we now focus on the electromagneticU(1) gauge field
am(x) embedded in theSO(10) gauge field, we have th
following local terms in the effective action at low energi
@4,5#:

SMCS
R33S1

@a#5E
R3

dx0dx1dx2E
0

L

dx3LMCS@a#, ~6!

LMCS@a#52 1
4 hkm hln f kl f mn2 1

4 me3lmn f lman , ~7!

with the Maxwell field strengthf mn[]man2]nam , the
completely antisymmetric symboleklmn normalized by
e0123521, and the Chern-Simons mass parameter

m;a/L, ~8!

in terms of the fine-structure constanta[e2/(4p) and the
sizeL of the compact dimension. The precise numerical f
tor in the definition ofm depends on the integern as given by
Eq. ~5! and also on the details of the unification and t
running of the coupling constant.

The effective action~6! describes the propagation of ele
tromagnetic wavesin vacuo, taking into account the effect
of virtual fermions@i.e., those of the chiralSO(10) theory#.
But the reflection of light by a mirror is still described by th
usual interactions of quantum electrodynamics, at leas
leading order ina.

III. CIRCULARLY POLARIZED LIGHT PULSES

The propagation of light according to the Maxwell-Cher
Simons~MCS! theory~7! has been studied classically in Re
@10# and quantum mechanically in Ref.@11#. Here, we are
primarily interested in the classical propagation of pulses
circularly polarized light.

Specifically, we consider light pulses propagating a
proximately along thex2 axis, that is, with wave vectorkW
[(k1 ,k2 ,k3) obeying

k150,m!2p/L!uk3u!uk2u[ k̄, ~9!

with the fine-structure constanta (;mL) considered to be
parametrically small. The corresponding group velocities
left- and right-handed wave packets have been calculate
Ref. @5#, where also the dispersion relation can be found.
wave vectors~9!, the magnitudes of the different group v
locities vW g(kW ) of electromagnetic wavesin vacuoare
04770
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uvW g
R~0,uk2u,uk3u!u5uvW g

L~0,2uk2u,2uk3u!u

'12~m2/k2
2!~12m/uk3u!/8, ~10a!

uvW g
L~0,uk2u,uk3u!u5uvW g

R~0,2uk2u,2uk3u!u

'12~m2/k2
2!~11m/uk3u!/8, ~10b!

up to terms of orderm4 and with the suffixesL andR indi-
cating left- and right-handed circular polarization. For t
MCS theory ~7!, the group velocity is, in general, less o
equal to 1. Moreover, the front velocityv f[ limukW u→`uvW phaseu
is 1 in all directions and definesc; see Ref.@11#.

For future reference, we mention that circularly polariz
light pulses traveling along thex3 axis~which corresponds to
the compact dimension of our spacetime manifold M) ha
equal group velocities:

uvW g
L,R~0,0,k3!u5uk3u/Ak3

21m2/4. ~11!

We are now ready to construct our ‘‘clocks.’’

IV. TWO CLOCKS

The type of clock we have in mind is a simple variation
the ‘‘light-clock’’ discussed in@12#, for example. Our first
clock C consists of a single pulse of circularly polarized lig
reflecting between two heavy mirrors, firmly bolted to
common support and placed inside a vacuum chamber.
two mirrors,M1 andM2, are parallel to each other and sep
rated by a fixed distanceD in thex2 direction@actually, with
a small displacement in thex3 direction, so as to give the
wave vectors~9! from above#; see Fig. 1~a!.

The source@not shown in Fig. 1~a!# produces a right-
handed light pulse moving towards the right, that is, in t
positive x2 direction. The pulse then oscillates between t

FIG. 1. ~a! Sketch of clockC, which consists of a single pulse o
circularly polarized light reflecting between two parallel mirror
M1 and M2, separated by a fixed distanceD approximately in the
x2 direction. Shown is the time at which the clock is started, with
right-handed~R! light pulse moving towards the right. The nonze
energy density of the pulse is indicated by the shaded area~the
contours need not be circular!. ~b! Sketch of clockC8, which has all
motions reversed compared to clockC ~i.e., clockC8 is the time-
reversed copy ofC; see the main text!. Clock C8 starts with a
right-handed light pulse moving towards the left.
1-2



o
ic
h

n.

th
-
am

r,

-

er
t

s

e

the

lds

iate

-

r
r-
r-
nd

a-

by

ity
at

e-
e

he

BRIEF REPORTS PHYSICAL REVIEW D66, 047701 ~2002!
mirrors M1 andM2. ~See, e.g., Ref.@13# for a discussion of
the reflection of polarized light.! The ‘‘ticks’’ of the clock
now correspond to the light pulse bouncing off the mirr
M1. With each reflection the pulse loses some energy, wh
is picked up and amplified by an unspecified device. T
spacetime diagram corresponding to clockC is shown in Fig.
2~a!. For the MCS theory~7!, the ticks of the clockC are
given by (c[1)

Dt'2D@11~m2/ k̄2!~12m/uk3u!/8#, ~12!

according to Eq.~10a! for uk3u anduk2u[ k̄ as defined by Eq.
~9!.

We also construct a time-reversed copyC8 of the original
clock C, that is, with all motions reversed.~See, e.g., Ref.
@14# for a discussion of the time reversal transformatio!
Concretely, the source of clockC is turned around~and, if
necessary, the aperture modified!, so that the initial right-
handed pulse starts off to the left. The precise nature of
mirrors in the clockC8 is relatively unimportant for the ef
fect we are after and we simply consider them to be the s
as those of the clockC @15#. Clock C8 is shown in Fig. 1~b!
and the corresponding spacetime diagram in Fig. 2~b!. Ac-
cording to Eq.~10b! for uk2u[ k̄, the light pulse in clockC8
travels slower than the one inC, so that the ticks are longe

Dt8'2D@11~m2/ k̄2!~11m/uk3u!/8#.Dt, ~13!

provided the Chern-Simons mass parameterm is nonzero
and positive; cf. Eqs.~6!–~8!.

Note that if both clocksC and C8 are turned by 90°
around thex1 axis ~so that the initial light pulses travel ex
actly along thex3 axis, but in opposite directions!, the ticks
become equal, according to Eq.~11!. The resulting clockC̄
has ticks given by

FIG. 2. ~a! Schematic spacetime diagram of clockC in the
Maxwell-Chern-Simons theory~7!, with ticks Dt between the suc-
cessive reflections of the light pulse and labelsL andR indicating
left- and right-handed circular polarization.~The slight rotation of
the mirrors of clockC in Fig. 1 has been neglected here.! The
velocity c is the front velocity of light; see below Eq.~10b! in the
main text.~b! Spacetime diagram of clockC8, with ticks Dt8.
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Dt'2D@11~m2/ k̄2!/8#, ~14!

for uk3u[ k̄@m and up to terms of orderm4. The behavior of

clock C̄ does not depend on the direction (k356 k̄) of the
initial right-handed pulse and is therefore invariant und
time reversal~i.e., motion reversal!. But the fact remains tha
the original two clocksC and C8, in the position shown in
Fig. 1, would run differently for the MCS theory~7! @16#.

V. BIG BANG vs BIG CRUNCH

The clocksC and C8 provide an alternative to the one
discussed implicitly by Aharony and Ne’eman@17#, which

were based on the behavior of theK0-K̄0 system with hypo-
thetical CPT violation. As shown by these authors, th

K0-K̄0 system~with nonzeroCPT-violating parameterd)
could distinguish between an expanding universe and
time-reversed copy~i.e., a contracting universe!, even if the
definition of matter-antimatter was left open. The same ho
for our clocksC andC8 @Figs. 1~a! and 1~b!#, as long as the
matter content of the universe is described by an appropr
chiral gauge field theory like the one of Eq.~1! and the space
manifold is multiply connected@18#.

Following Ref. @17#, consider a hypothetical time
symmetric universe, now with the spacetime topologyR
3S23S1 ~cf. Ref. @18#!. Take the time intervalI 5@0,Dt#
just after the big bang (t50) and an equal time intervalI 8
5@t2Dt,t# just before the big crunch (t5t), as deter-

mined by the use of our reference clockC̄ or some other
standard clock. ClockC running over the time intervalI and
the time-reversed copy of clockC ~i.e., clock C8) running
over the time intervalI 8 would then give a different numbe
of ticks @19#. Therefore, the physics near the initial singula
ity and the physics near the final singularity would be diffe
ent, even if the final singularity were a time-reversed a
time-translated copy of the initial singularity. This fund
mental time asymmetry~microscopic arrow of time! is pre-
cisely one of the ingredients of the new physics discussed
Penrose@1#.

Of course, we do not claim that theCPT anomaly neces-
sarily plays a role in distinguishing the big bang singular
of our own universe. After all, we do not know for sure th
the actual spacetime manifold is multiply connected~the to-
pology of the spacetime manifold could very well beR4 or
R3S3). But, in principle, the large-scale structure of spac
time could play a role in determining the fundamental tim
asymmetry of the initial singularity.
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